Spherical confinement in 3D harmonic, quartic and other higher oscillators of even order is Many new states are reported here for first time. In essence, a simple, efficient method is provided for accurate solution of 3D polynomial potentials enclosed within spherical impenetrable walls.
I. INTRODUCTION
Ever since the study of hydrogen atom inside an impenetrable spherical enclosure [1] , confinement of quantum systems has witnessed many burgeoning activity in past few decades. This work was motivated by an attempt to understand effects of extreme pressure on electronic states. In such extremely small spatial dimensions, many fascinating phenomena occur in a quantum confined system, relative to the respective free system. Some of these relate to, e.g., thermodynamic properties in non-ideal gases, anharmonic effects in solids, impurity binding in quantum wells, partially ionized plasmas, mesoscopic scale artificial structures, etc. Gradually their importance was realized in various potential applications in physics and chemistry, such as quantum wells, quantum wires, quantum dots, etc. They have also relevance in the development of numerous nano-sized circuits including quantum computers. Usually, their unique physical, chemical properties are attributed to complex energy changes associated with them. Most widely studied quantum systems are particle in a box, harmonic oscillator, H atom, He and other many-electron atoms, as well as H + 2 , H 2 and other molecules. The literature is vast; here we mention a few representatives [2] [3] [4] [5] [6] [7] [8] [9] .
Confinement problem in 1D confined harmonic oscillator (CHO) has been theoretically investigated by a number of workers over a long period of time [10] [11] [12] [13] [14] [15] [16] [17] [18] . For example, the effect of finite boundaries on a 1D CHO inside a potential enclosure was studied by means of WKB method [10] . Perturbative, asymptotic and Padé approximant solutions for boxed-in harmonic and inverted oscillators were reported [11] . Eigenfunctions, eigenvalues in such 1D potentials were also obtained by means of a hypervirial method [12, 13] . Accurate energies of 1D polynomial potentials having single and multiple wells inside a box were calculated through a Rayleigh-Ritz variation method by using a basis set of trigonometric functions [14] . A robust, strongly convergent numerical method has been proposed for harmonic, quartic and sextic oscillators [15] . Also, the trapped harmonic and quartic oscillators have been studied by a WKB method with appropriate boundary condition [16] . This employed a modified airy function method that ultimately leads to a modified Bohr-Sommerfeld-type quantization rule. Eigenvalues, dipole moments, Einstein coefficients of CHO have been considered by perturbation method [17] as well. Symmetric and asymmetric confinement was studied in [18] by a power series expansion and numerical method.
In parallel to the 1D problem mentioned above, some attention was been paid for simi-lar studies in 2D, 3D and higher dimension, however with lesser intensity [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] . Several unique phenomena occur in such systems, especially related to simultaneous, incidental and interdimensional degeneracy [27] [28] [29] [30] [31] . In one of the earliest studies a hypervirial treatment was suggested for multidimensional isotropic bounded oscillators, including 3D CHO [19] .
The 2D and 3D CHOs enclosed in circular and spherical boxes were considered in [20] by a Rayleigh-Schrdinger perturbative expansion as well as Padé approximant solution. A variational method [21] was proposed where the trial function was constructed as a product of "free" solutions of corresponding Schrödinger equation. However, the first systematic and accurate ground, excited states of 3D CHO (in terms of energies, eigenfunctions, spatial expectation values) with respect to box size were obtained in variational calculation of [22] .
Later, results were also obtained by a WKB method [25] . A super-symmetric method [26] also offered reasonably accurate results. The N-dimensional CHO enclosed in an impenetrable spherical cavity was also computed by searching for the roots of hypergeometric function 1 F 1 (a, b, z) [29] . Later, high-precision energies for N-dimensional CHO were presented by exploiting certain properties of hypergeometric function within the MAPLE computer algebra system [32] . Very recently, a combination of WKB method and a proper quantization rule has been advocated for CHO energy levels [33] . Energy characteristics of a 2D isotropic CHO, enclosed in a symmetric box were followed through annihilation and creation operators coupled with the infinitesimal operators of SU(2) group [31] . Likewise, characteristic features in energy spectrum of 3D CHO were established by invoking analytical properties of Bessel and confluent hypergeometric functions. However, the most extensively studied confined system is H atom. A vast amount of reference exists on the subject emphasizing different kinds of confinement and theoretical methods [34] [35] [36] [37] .
In present communication, we are interested in the confinement studies in 3D quantum polynomial oscillators. It may be noted that while all these above methods produce reasonably good-quality results, only two [22, 32] of these offer energies with ten or higher significant figure accuracy for 3D oscillators. Moreover, there is a lack of good results in the low radius of confinement, and higher excited states. Further, while a substantial amount of accurate results exist for enclosed H atom problem, same for 3D CHO is much less and almost none for other polynomial potentials. We will use the generalized pseudospectral (GPS) method for this purpose, which in recent years, has been successfully applied to a wide range of unconfined physical and chemical systems. Some of these are spiked harmonic oscillator, Hulthén, Yukawa, logarithmic, rational, power-law potentials, ro-vibrational levels in molecules as well as ground and Rydberg states in atoms, etc. [27, [38] [39] [40] [41] [42] [43] . Only in [27] , however, this was employed for confined quantum states. There, a few low-lying states such as 1s, 2p, 1d of 3D CHO were examined; additionally some degeneracy conditions were established. However a detailed performance of the GPS method in case of confined systems has not been made so far. In this work, we want to test its validity and relevance in such a context, which could extend its domain of applicability to larger set of problems. To this end, eigenvalues, eigenfunctions, expectation values are reported for low, high states. A detailed variation of eigenvalues with box size is also presented. Correlation between energies in free and respective confined system is discussed. Further, a similar study is made on quartic oscillator, which was not done before. Finally we consider confinement in even-degree polynomial oscillators (up to 20) in terms of changes in ground-state energy with radius of confinement. Section II gives a brief outline of the method used. Results are discussed in section III. We conclude with a few remarks in section IV.
II. METHOD OF CALCULATION
The GPS method has been found to be very successful for various physical and chemical systems as evidenced by the following applications [27, [38] [39] [40] [41] [42] [43] . Therefore here we highlight only the essential aspects. Unless otherwise mentioned, atomic unit is employed.
The single-particle, non-relativistic time-independent radial Schrödinger equation can be written in following form (the problem is separable in radial and angular variables),
where v(r) is a polynomial potential of degree 2K containing only the dominant term, i.e.,
In this work we consider K = 1, 2, 3, · · · , 10, while n, ℓ signify usual radial and angular momentum quantum numbers respectively. Last term in square bracket represents the confinement potential (r c is the radius of confining spherical box),
This equation needs to be solved with Dirichlet boundary condition ψ n,ℓ (0) = ψ n,ℓ (r c ) = 0.
A very distinctive feature of this approach is that it allows one to work in a nonuniform, optimal spatial discretization; a coarser mesh at larger r and a denser mesh at smaller r, while maintaining similar accuracies at both regions. Thus, compared to many other methods, much smaller number of grid point often suffices to recover very good accuracy for low and high states.
At first, a function f (x) defined in an interval x ∈ [−1, 1] is approximated by an N-th
so that the approximation is exact at collocation points x j , i.e., f N (x j ) = f (x j ). In the Legendre pseudospectral method used here,
are obtained from roots of first derivative of Legendre polynomial P N (x) with respect to
transformation r = r(x) and introduce a nonlinear algebraic mapping of following form,
where L and α = 2L/r max are two adjustable mapping parameters. Now, introducing a transformation of the type ψ(r(x)) = r ′ (x)f (x), followed by a symmetrization procedure leads to a symmetric matrix eigenvalue problem which can be easily solved by standard available routines (NAG libraries used) to yield accurate eigenvalues and eigenfunctions.
Sample calculations were performed for a sufficiently large sets of mapping parameters to monitor the accuracy and reliability of present method, so as to produce "stable" results with respect to reference results. This lead to a choice of α = 25, N = 200, which appeared to be satisfactory for the problem at hand. Results in various tables are reported only up to the precision that maintained stability and they are truncated rather than rounded-off.
Thus, they may be considered as correct up to the decimal place given.
III. RESULTS AND DISCUSSION
At first, in Table I , we present first six eigenvalues corresponding to radial quantum numbers n = 0 and 1 having ℓ = 0, 1, 2, of 3D isotropic CHO in a spherical box with impenetrable a Ref. [20] . b As quoted in [20] . c Ref. [19] . d Ref. [22] . e Ref. [32] . f As quoted in [33] . g Ref. [33] .
walls. Depending on the box size, confinement can be classified in three distinct regions, namely, small, intermediate and large r c . Ten cage radii were chosen for this purpose. First definitive result of the lowest two states were presented through a Rayleigh-Schrödinger-type perturbation expansion having free-particle in a box as the unperturbed system [20] . They onalizing the Hamiltonian matrix in a basis of free particle-in-a-box eigenfunctions appear to be superior to above both, and referred here. While these are decent initial estimates, present GPS energies are significantly improved over these. Confinement in the intermediate region was studied for ground state by means of a hypervirial method [19] . In this case, the accuracy generally becomes less precise as r c increases; for low r c , these are more or less of similar quality as in [20] . Quite accurate eigenvalues for all states except E 1,2 (in the range r c > 0.5) have been reported through variational procedure [22] . Here the two integers in subscript denote n, ℓ quantum numbers respectively. Current energies are in excellent agreement with these values for whole range of r c ; in several occasions exactly reproducing those of the reference. However the most accurate energies are those published in [32] ; these are obtained as roots of a transcendental equation written in terms of confluent hypergeometric functions. The authors used familiar MAPLE algebra program to achieve impressive (as high as up to 100-digit) accuracy in eigenvalues. These are available for n = ℓ = 0, 1 states at selected r c . Here also, the GPS results offer excellent agreement with these energies. Very recently some of these states are also calculated by a combination of quantization rule and WKB method [33] . These are also produced here for comparison. Obviously in all instances, isotropic free harmonic oscillator (FHO) energies are recovered as r c → ∞.
Next we proceed in Table II for sample results on high-lying states. In order to demon- to the lowest n quantum number. Energy axes in both cases cover same range; whereas r c axes differ in two occasions. In both cases, however, confinement in very small box radius is ignored to avoid high energy values, which makes these plots difficult to comprehend. To the best of our knowledge, such energy plots have been attempted before [32] only for ground state for a confinement region of r c = 0.5 − 3.5 a.u. Present plots significantly extend the radius of sphere, and also cover low, high excited states, corroborating the previous findings for ground state. In both panels, neighboring plots are parallel and remain well separated. (a) (1d, 2s), (1f, 2p), (1g, 2d, 3s) (left), (b) (1h, 2f, 3p ), (1i, 2g, 3d, 3s) (middle), and (c) (1l, 2j, 3h, 4f, 5p), (1m, 2k, 3i, 4g , 5d, 6s) (right) levels respectively, of 3D isotropic CHO as function of cavity radius.
approach the isotropic FHO results and finally becomes constant after attaining those. This is in keeping with the fact that energy of a confining system possessing spherical symmetry is a decreasing monotonic function of confining radius and as r c is increased energy levels smoothly converge to the corresponding free system energy levels [30] .
At this stage, we discuss the correlation in energy between 3D isotropic CHO and its unconfined counterpart FHO. It is well known [44] that the 3D isotropic FHO energy levels,
given by E k,ℓ = (k + ℓ + FHO is confined inside a spherical box, not only this characteristic degeneracy removed, but also the equal energy separation between adjacent levels of 3D FHO disappears [22, 31] . In left panel (a) of Figure 2 , is shown the degeneracy breaking of three lowest degenerate levels of isotropic 3D FHO in presence of confinement, viz., (1d, 2s), (1f, 2p), (1g, 2d, 3s) having degeneracies of 2, 2, 3 respectively. For smaller values of r c , the spectrum is clearly nondegenerate; as the former gradually increased, energy differences become smaller and finally at sufficiently high r c , the levels merge, making them degenerate. However, in all these three instances, the three degenerate levels remain well separated and do not mix with each other.
In middle panel (b) is given the degeneracy breaking of two (1h, 2f, 3p), (1i, 2g, 3d, 3s) levels of FHO (both having degeneracy of 3) under the influence of confinement. In this case, one notices moderate mixing of 1i and 3p states. Such mixings also happen between 1h and 3s states (not shown). Finally, in right panel (c) such crossings are shown between the first penta-degenerate (1l, 2j, 3h, 4f, 5p) and hexa-degenerate (1m, 2k, 3i, 4g, 5d, 6s) levels respectively of the FHO. It has been pointed out that, when energy levels are functions of radius of confinement, it may so happen that, for some particular values of r c , energies of two 3D CHO states coincide. This has been termed as accidental degeneracy in the sense it is defined in [30, 45] . The above mixing characteristics are manifestations of such intersections which happens for (1h, 3s), (1i, 3p), (1j, 4s), (1j, 3d), (1j, 2g) pairs. The second one can be seen from (b), while in (c) several such cases appear. Clearly one encounters many complex splitting of energy levels for high n, ℓ quantum numbers as the box radius is decreased. In all these plots, as in Figure 1 , energies in low-r c region is omitted for ease of appreciation.
Energy orderings in 3D isotropic CHO states in the limit of r c → ∞ is found to be, 1s, 1p, (1d, 2s), (1f, 2p), (1g, 2d, 3s), (1h, 2f, 3p), (1i, 2g, 3d, 4s), (1j, 2h, 3f, 4p), (1k, 2i, 3g, 4d, 5s), (1l, 2j, 3h, 4f, 5p), (1m, 2k, 3i, 4g, 5d, 6s), · · · For convenience, the degenerate states are grouped in parentheses. Such orderings up to 4s were noticed in the variational calculation of [22] and up to 1j in [30] from the zeros of Bessel functions. Our calculation reproduces these two previous works and present an extended ordering of levels. In the limit of r c → 0, the same changes to, 1s, 1p, 1d, 2s, 1f, 2p, 1g, 2d, 1h, 3s, 2f, 1i, 3p, 1j, 2g, 3d, 4s, 1k, 2h, 3f, 1l, 4p, 2i, · · · In this case also, the relative ordering of first 13 states given in [22] and 17 states considered in [30] are the same as found here, although we have covered some higher states.
As a further proof of the usefulness of present work, Table III reports [24] . r c . Number of nodes of a state remains same for all values of r c .
Next we consider confinement in case of an isotropic 3D quartic harmonic oscillator. Six lowest eigenstates of this system are tabulated in Table IV for Next we shift our focus on confinement studies in 3D polynomial potentials of higher degree, namely 2K, with K = 3 − 10. At first, however, Table V Although we have not ventured into estimating the L cr , in general, however, the present calculation seems to corroborate the results of [24] . From very close values at smaller r c , individual energies decrease sharply and then assumes the constant value of corresponding unconfined potential, for critical values of the boundary parameter L cr . As evident, in all these three occasions, L cr decrease as 2K increase.
IV. CONCLUSION
A detailed analysis has been made to understand confinement in the family of 3D anharmonic oscillators of even order enclosed within spherically impenetrable walls. Energies, that, good-quality results in confined systems are obtainable by a number of attractive and elegant methodologies for medium and large r c ; however, same for small r c is rather scarce.
In this work, we are able to generate quite good results in both these regions with equal ease and efficacy. Also, similar accuracy results are also offered in case of high-lying states.
A thorough analysis of energy changes with respect to confinement radius has been made.
Energy ordering in case of 3D CHO and free oscillator, as well as the degeneracy pattern is also discussed. Several interesting mixings have been pointed out. Next, we perform similar investigation on 3D quartic oscillator. Finally we briefly touch upon the case of 3D isotropic even-order isotropic bounded oscillators for higher orders up to as high as 20. Once again, low-and high-lying states in the confined system and free oscillator are presented in some 
